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ABSTRACT
Recent numerical and analytical work has identified a possible new source of mean-
field dynamo action, caused by fluctuations in the α-effect interacting with a large
scale shear. This process gives rise to a new source term in the averaged induction
equation. Essentially the same term arises from the shear-current effect. This paper
investigates the consequences of the new term in a two-dimensional solar dynamo
model, in spherical geometry, with a realistic large scale shear. In general, it is found
that the new source term leads to an increase in the dynamo cycle period, although
the details of this depend crucially upon the spatial variation of the fluctuations in
the α-effect (or the shear-current term). Steady magnetic fields are generated when
the new term plays a dominant role in the dynamo process.
Key words: Magnetic fields – MHD – turbulence – Sun: activity – Sun: magnetic
fields
1 INTRODUCTION
The mean-field dynamo ansatz has been used for many years
to produce tractable models of the solar dynamo. The cen-
tral assumption of mean-field theory is that there is a sep-
aration of scales between large and small scale magnetohy-
drodynamic fluctuations. If such a separation of scales exists
then the induction equation can be averaged (over some in-
termediate scale) to produce an evolution equation for the
large scale magnetic field. As a result of this averaging pro-
cess, the mean-field induction equation contains a new term
that corresponds to an additional electromotive force (emf)
for the mean magnetic field. This emf is known as the α-
effect, and is non-zero only if the small scale motions lack
reflectional symmetry. If the α-effect is well-defined, then
it can lead to dynamo action, even for axisymmetric large
scale magnetic fields (thus circumventing Cowling’s Theo-
rem). For details see the monographs of Moffatt (1978) and
Krause & Ra¨dler (1980).
There is now a huge literature on the applications of
the α-effect to magnetic field generation in the Sun (and
other astrophysical bodies). In traditional mean-field solar
dynamo models it is generally assumed that the α-effect is
driven by small-scale (cyclonic) convective motions (Parker
⋆ E-mail: paul.bushby@ncl.ac.uk (PJB)
† E-mail: m.r.e.proctor@damtp.cam.ac.uk (MREP)
1955). Turbulent convection is observed at the surface of
the Sun, and is inferred to extend down to the base of the
convection zone. Therefore a convectively-driven α-effect is
certainly a plausible feature of the solar dynamo. It should
be noted, however, that convective turbulence is not the only
physical mechanism that could lead to an α-effect in the so-
lar interior. In the presence of rotation, magnetic buoyancy
instabilities could produce a similar regenerative effect for
the mean magnetic field (see, for example, Moffatt 1978).
However, unlike a convectively-driven α-effect, an α-effect
that is associated with magnetic buoyancy requires a strong
pre-existing magnetic field to initiate the necessary instabil-
ity. A further alternative has been proposed by Dikpati &
Gilman (2001), who argue that shear-driven instabilities in
the stably stratified tachocline region, just below the base of
the convection zone, could also lead to an additional regen-
erative term in the mean-field equations. Since the α-effect
is a crucial ingredient in any mean-field dynamo model, any
investigation which improves our understanding of any of
these possible physical mechanisms is clearly worthwhile.
Whether or not the α-effect is driven by turbulent con-
vection, any determination of the α-effect is reliant upon
some knowledge of the underlying magnetohydrodynamic
fluctuations. Within the solar convection zone, the proper-
ties of the plasma vary significantly with depth. For exam-
ple, due to the effects of compressibility, we would expect the
typical fluid velocities to be greatest in the outer layers of the
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convective envelope. Despite this variation, we would gen-
erally expect the small-scale magnetic Reynolds number to
be large. This makes it very difficult to determine (theoret-
ically) the correct form of the α-effect. Hence, the best way
forward is probably to attempt to obtain empirical estimates
for the α-effect by measuring the emf in numerical simula-
tions. However, this is far from straightforward. Cattaneo
& Hughes (2006) carried out simulations of convection in
a plane layer of incompressible electrically-conducting fluid,
rotating about a vertical axis. According to the traditional
view of a convectively-driven α-effect, helical convection of
this form should produce a significant mean emf. Although
they did find large fluctuations in the emf, it was observed
that the mean emf in the top half of the layer was always
very small compared to the rms value of the fluctuations.
So, despite large fluctuations, this implies that there was a
negligible mean α-effect in these simulations. Although the
calculations of Cattaneo & Hughes (2006) focus exclusively
upon a convectively-driven α-effect, it is reasonable to sup-
pose that any regenerative process that is reliant upon the
net effect of many small-scale events will exhibit some fluc-
tuations about the mean.
The results of Cattaneo & Hughes (2006) raise some
important questions regarding the application of mean-field
theory to astrophysical dynamos. For example, if the mean
α-effect is small, it is clearly of interest to discover whether
or not large fluctuations in the mean emf (like those observed
by Cattaneo & Hughes 2006) can act to promote dynamo ac-
tion. The first study, by Kraichnan (1976) (see also Moffatt
(1978), Ch. 7), considered an α2 dynamo, with no mean flow,
in which the α-effect exhibited fluctuations with zero mean.
However, the results were inconclusive. Proctor (2007) revis-
ited the problem in the case when the fluctuations in α act
in the presence of shear. As indicated in earlier work (see
Proctor (2007) for a list of references), he confirmed that
fluctuations of α in a simple α− Ω dynamo model give rise
to a new term in the governing equations that can lead to
dynamo action. This effect is sometimes called the “incoher-
ent dynamo” as in Vishniac & Brandenburg (1997). In this
discussion it is worth noting that Kleeorin & Rogachevskii
(2008), who used standard closure approximations (includ-
ing first order smoothing) in their analysis, showed that the
fluctuating α-effect enhances dynamo action only in spe-
cial cases. It should be stressed, however, that the use of
closure approximations may have a significant (positive or
negative) impact upon the dynamo properties of the fluctu-
ating α-effect. This issue is currently unresolved. What we
can say is that the dynamo properties of this modified α−Ω
system will depend crucially upon the space-time spectrum
of the fluctuations in the α-effect. It should also be noted
here that the well known “shear-current effect” leads to a
term of the same form as the fluctuating α-effect, and so the
ansatz described below can be applied to both phenomena.
Following the approach that was described by Proctor
(2007), all other investigations focus (almost exclusively)
upon the influence that this new term has upon a one-
dimensional α − Ω dynamo in a finite domain (Proctor et
al. 2009; Richardson & Proctor 2010). These studies demon-
strate that the cycle period can depend sensitively upon the
magnitude of the fluctuating term. Preliminary results for a
spherical geometry were described by Proctor et al. (2009).
Although only a few calculations were carried out, these
suggested a (qualitatively) similar relationship between the
fluctuating term and the cycle period. In the present paper
we present results from a much more extensive set of sim-
ulations using a spherical geometry, incorporating a variety
of different forms of the coefficients. The aim of this work
is to quantify the effect of the fluctuating term. The model
builds on the earlier work of Bushby (2006) who considered
mean-field solar dynamo models in the same geometry.
2 MODEL SETUP
2.1 The governing equations
The model is based upon mean-field dynamo theory (see, for
example, Moffatt 1978; Krause & Ra¨dler 1980). This implies
that the large-scale magnetic field,B, satisfies the mean-field
induction equation,
∂B
∂t
= ∇× (αB +U×B− η∇×B) , (1)
subject to the standard constraint that
∇ ·B = 0. (2)
In equation (1), U represents some mean velocity field,
whilst η is the turbulent magnetic diffusivity. The first
term on the right-hand side of equation (1) represents the
mean-field α-effect. Working in spherical polar coordinates,
(r, θ, φ), we seek solutions of the mean-field equation that are
independent of the azimuthal coordinate φ. For axisymmet-
ric magnetic fields of this type, the simplest way to satisfy
equation (2) is to decompose B into its poloidal and toroidal
components:
B(r, θ, t) = B(r, θ, t)eφ +∇× (A(r, θ, t)eφ) . (3)
Here, B(r, θ, t) is the toroidal component of the magnetic
field, whilst A(r, θ, t) is the vector potential correspond-
ing to the poloidal field (which is defined by BP = ∇ ×
[A(r, θ, t)eφ]). We assume that the mean velocity is purely
zonal, i.e.
U = Ω(r, θ)r sin θeφ, (4)
where Ω(r, θ) represents a prescribed differential rotation.
Defining R to be the solar radius, we adopt the following
non-dimensionalising scalings:
r −→ Rr′, (5)
t −→
(
R2/ηc
)
t′,
A −→
(
αcR
2Bc/ηc
)
A′,
B −→ BcB
′,
α −→ αcα
′,
η −→ ηcη
′,
Ω −→ ΩcΩ
′,
where Ωc, αc, ηc and Bc are typical values of Ω, α, η and B
(respectively). In order to simplify the following derivation
we can assume (without loss of generality) that Ωc, αc, ηc
and Bc are all positive quantities. Dropping the primes, it is
then a simple exercise to show that equation (1) is equivalent
to the following non-dimensional coupled partial differential
equations:
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∂A
∂t
= αB + η
[
∇2 −
1
r2 sin2 θ
]
A, (6)
∂B
∂t
= Dr sin θBP · ∇Ω− eφ · ∇ × [η∇× (Beφ)] , (7)
where
D =
αcΩcR
3
η2c
, (8)
is the dynamo number. Note that the non-dimensionalising
scalings that have been adopted imply that D must always
be positive. Formally, there should be a term correspond-
ing to the α-effect in equation (7). However, in most astro-
physical contexts, this term is small compared to the term
involving derivatives of Ω, so can be neglected.
The mean-field coefficients, α and η, parametrise the
effects of the small-scale magnetohydrodynamic fluctua-
tions. In general, these coefficients will be functions of r,
θ and t. Following Proctor (2007), we assume that there are
large fluctuations in α over some time-scale, τ , that is long
compared to the small-scale fluctuations, but is still much
shorter than the evolution time for the large-scale magnetic
field. Clearly a fluctuating α-effect will also lead to fluctua-
tions in the magnetic field. Introducing a small parameter,
ǫ, we write
∂
∂t
−→
∂
∂t
+ ǫ−1
∂
∂τ
, (9)
α −→ α0(r, θ) + ǫ
−1α1(r, θ, τ ),
B −→ B0(r, θ, t) + ǫB1(r, θ, t, τ ),
A −→ A0(r, θ, t) +A1(r, θ, t, τ ).
Using angled brackets to denote an average over the short
time-scale, it is assumed that
〈α1〉 = 〈B1〉 = 〈A1〉 = 0, (10)
which implies that
〈α〉 = α0, (11)
〈B〉 = B0,
〈A〉 = A0.
Having decomposed α, A and B into their mean and fluctu-
ating parts, we now take the time-average of equations (6)
and (7) to obtain evolution equations for B0 and A0. Apart
from the addition of zero subscripts on BP and B, the equa-
tion for B0 is identical to equation (7). At leading order in
ǫ, the poloidal vector potential equation is given by
∂A0
∂t
= 〈α1B1〉+ α0B0 + η
[
∇2 −
1
r2 sin2 θ
]
A0. (12)
Comparing this equation with equation (6), it is apparent
that the effect of the fluctuations is to introduce a new source
term, 〈α1B1〉. At leading order in ǫ, Proctor (2007) demon-
strated that
〈α1B1〉 = −
〈
γ2
〉
∇ (r sin θB0)× eφ · ∇Ω (13)
−
1
2
∇
〈
γ2
〉
× r sin θB0eφ · ∇Ω,
where γ(r, θ, τ ) is defined by ∂γ/∂τ = α1. Therefore, the
effects of the fluctuating α-effect can be fully determined by
specifying an appropriate functional form for
〈
γ2
〉
. We now
introduce non-linearity into the system by means of a simple
quenching formula (α inversely proportional to
(
1 +B2
)
),
which implies that the α-effect is suppressed by strong mag-
netic fields. So the final evolution equation for the poloidal
field is given by:
∂A0
∂t
=
〈α1B1〉+ α0B0
1 +B2
0
+ η
[
∇2 −
1
r2 sin2 θ
]
A0. (14)
Note that parameterised quenching formulae of this type
are frequently adopted in mean-field dynamo models (see,
for example, Jepps 1975; Charbonneau & MacGregor 1996).
While a proper analysis of the nonlinear equations indicates
that a more complicated form of quenching may be appro-
priate to the new term, work on simple model problems in-
dicates that the form of the nonlinearity has no significant
qualitative effect. Since the quenching formula is in any case
arbitrary, it seems reasonable (at least in this initial study)
to adopt the simple formula that is given above.
It is worth recalling at this stage that the derivation of
this modified set of governing equations relied upon there be-
ing a separation in scales. In other words, we assumed that
the fluctuations in the α-effect occur over timescales that
are much shorter than the evolution time for the large-scale
magnetic field. In practice, this can always be achieved if the
mean magnetic field varies over sufficiently long lengthscales,
but may be more difficult to justify in dynamos that are con-
fined to small domains. However, as noted in the Introduc-
tion, a source term very similar to that given in equation (13)
arises out of a consideration of the shear-current effect (Ro-
gachevskii & Kleeorin 2004). So, although these governing
equations were derived using a fluctuating α-effect, that is
not the only dynamo application for which they are relevant.
2.2 A solar dynamo model
Having derived the governing equations for a dynamo with a
fluctuating α-effect, we now apply them to modelling the so-
lar dynamo. The model that is used here is closely related to
one that is described in a previous paper (Bushby 2006). Re-
calling that all lengthscales have been non-dimensionalised
with respect to R (which we define to be the solar radius),
we solve the axisymmetric governing equations in a spheri-
cal shell: 0.6 6 r 6 1.0, 0 6 θ 6 π. In these non-dimensional
units, the base of the solar convection zone is at r = 0.7, so
the region 0.6 6 r 6 1.0 includes the entire solar convection
zone and the top part of the stably-stratified region that lies
below it. The chosen range of values for θ encompasses both
the northern and southern hemispheres. This implies that
the dynamo is not constrained by some imposed symme-
try at the Equator (unlike the model described by Proctor
(2007), where dipolar symmetry was imposed).
As in the model described in Bushby (2006), we choose
a functional form for Ω(r, θ) that is an analytic fit to
the helioseismologically-determined solar differential rota-
tion profile. So, we set
Ω(r, θ) = Ωcore+
1
2
(
1 + erf
[
r − 0.7
0.025
])
(Ωs(θ)− Ωcore) ,(15)
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Figure 1. Contours of constant Ω(r, θ) for an analytic fit to the
solar differential rotation profile. Light contours indicate regions
that are rotating more rapidly than the core, darker contours cor-
respond to regions of slower rotation. Although only the Northern
Hemisphere is shown, this profile is symmetric about the Equator.
where Ωcore = 0.943 is the core angular velocity, erf is the
standard error function, and
Ωs(θ) =
(
1.0− 0.123 cos2 θ − 0.155 cos4 θ
)
. (16)
In these non-dimensional units, the angular velocity is nor-
malised so that the surface angular velocity at the Equator
(i.e. at θ = π/2) is equal to unity. This differential rota-
tion profile is illustrated in Fig. 1. Note that this choice for
Ω(r, θ) implies that the radial shear in the tachocline region
(i.e. the shear layer at the base of the convection zone) is
positive at low latitudes but negative near to the poles.
The mean-field coefficients are obviously less well-
constrained by observational data since, even if the model
is accepted, the influence of the small scale physics can only
be inferred indirectly. However some qualitative assumptions
can be made. As in Bushby (2006), we adopt a spherically
symmetric profile for the turbulent magnetic diffusivity:
η(r) = ηcore +
1
2
(
1 + erf
[
r − 0.7
0.025
])
(1.0− ηcore) , (17)
where ηcore = 0.01. According to this functional form, the
magnetic diffusivity is largest in the convection zone, where
it is enhanced by the effects of the turbulent motions. At
the base of the convection zone, the magnetic diffusivity
decreases rapidly with increasing depth, reaching a value of
ηcore at the inner radius of the domain.
Following Bushby (2006), we adopt the following func-
tional form for α0(r, θ):
α0(r, θ) = − cos θ sin
4 θexp
[
−
(
r − 0.71
0.025
)2]
. (18)
This implies that the steady component of the α-effect is
confined to the region around the base of the convection
zone. This is certainly a plausible profile for α0(r, θ) if the
dominant α-effect mechanism is a tachocline-based instabil-
ity, such as magnetic buoyancy (or a shear-driven instabil-
ity). This distribution for α0(r, θ) is more difficult to justify
for a convectively-driven α-effect, which should be operat-
ing throughout the convection zone. However, flux storage
arguments suggest that the region around the base of the
convection zone should be a preferred location for dynamo
action. So, regardless of the physical mechanism that is re-
sponsible for driving the α-effect, we could simply view this
confined radial distribution for α0(r, θ) as a convenient way
of representing flux storage ideas in a parametrised mean-
field model. The latitudinal distribution for α0(r, θ) is much
more difficult to justify. We simply note here that this func-
tional form ensures that the dynamo is most active at low
latitudes, where magnetic fields propagate equatorwards (as
observed in the Sun). It is also worth noting that this def-
inition for α0(r, θ) differs by a minus sign from that given
in Bushby (2006). This is a consequence of slight differences
in the non-dimensionalisation process. However, it is easy to
see (in the absence of fluctuations) that the results are in-
variant if we change the sign of both D and α0(r, θ). So the
positive D regime that is considered in this paper is equiva-
lent to the negative D regime considered in Bushby (2006).
The reason for this difference in scalings is to ensure that
the sign of the fluctuating α-effect term is not altered during
the non-dimensionalisation process.
For the final mean-field quantity, corresponding to the
fluctuating component of the α-effect, we assume (initially)
that
〈
γ2
〉
has a similar spatial distribution to α20:〈
γ2
〉
= G [α0(r, θ)]
2 , (19)
where G is a positive free parameter. Although this is cer-
tainly a plausible profile for
〈
γ2
〉
, it is not the only possi-
bility. So we also consider a variation to this profile in the
next section.
In order to complete the model, some boundary condi-
tions must be specified. We set A0 = B0 = 0 at θ = 0 and
θ = π, which ensures that the radial current and the radial
magnetic field both remain finite at the poles. We also set
A0 = B0 = 0 at r = 0.6, which implies that the magnetic
field vanishes at the inner radius of the domain. Finally,
making the assumption that no currents flow in the region
above the solar surface, we map the mean field smoothly
onto a potential field at r = 1.0.
3 RESULTS
Having chosen appropriate functional forms for the mean-
field coefficients, the behaviour of this system is now com-
pletely determined by two non-dimensional parameters,
namely D and G (both of which are positive, by construc-
tion). In this Section, we present some results from this
model. In interpreting these results, and comparing them
with the simple model calculations of Proctor et al. (2009)
and Richardson & Proctor (2010), it is important to note
that the equations are nondimensionalised in a different way.
In consequence, while the parameter d that appears in Proc-
tor et al. (2009) and Richardson & Proctor (2010) is equal
to D in the notation of the present paper, the parameter
r is equivalent to GD. The governing equations are solved
numerically using a modified version of the code that was
used in Bushby (2006). Since a different non-linear quench-
ing mechanism has been employed in the present set of cal-
culations, we briefly review results in the absence of fluc-
c© 2009 RAS, MNRAS 000, 1–8
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Figure 2. Contours of constant B at r = 0.7, as a function of
latitude and time, in the absence of α-effect fluctuations. Top:
D = 1.5× 106. Bottom: D = 2.5× 106.
tuations, before going on to assess their influence upon the
behaviour of the dynamo
3.1 Dynamo action in the absence of fluctuations
When G = 0, this implies that the α-effect has no fluctuat-
ing component, which means that the dynamo is of standard
α−Ω type. In this parameter regime, any seed magnetic field
will decay if D is too small. This is because the evolution
of the magnetic field is dominated by the dissipative effects
of magnetic diffusion. The critical dynamo number for the
onset of dynamo action is approximately Dcrit = 1.22× 10
6
(to 3 significant figures). Close to onset, the dynamo is os-
cillatory, with bands of activity migrating from mid to low
latitudes. This is illustrated in the top half of Fig. 2. All the
dynamo action is confined to the region around the base of
the convection zone (at r = 0.7), where the source terms
in the governing equations take their maximum values. For
larger values of the dynamo number, there is an additional
(weaker) band of activity at high latitudes, where the mag-
netic fields migrate polewards. This double-branched struc-
ture is illustrated in the lower half of Fig. 2.
The symmetry of the dynamo is strongly dependent
upon the value of D. This is also illustrated by Fig. 2.
When D = 1.5 × 106, the solution has dipolar symmetry,
with the toroidal magnetic field being antisymmetric about
the Equator. However, a quadrupolar solution is found when
D = 2.5 × 106 (in this case the toroidal field is symmetric
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Figure 3. The dependence of the critical dynamo number, Dcrit,
upon G.
about the Equator). These variations in parity appear to
follow no clear trends as the dynamo number is varied. Fur-
thermore, it was shown in a previous paper (Bushby 2006)
that parity selection also depends crucially upon the choice
of non-linear quenching mechanism (something that is some-
what arbitrary in models of this type). Hence the result-
ing symmetry of the dynamo is not a robust feature of the
model, and so parity selection will not be discussed further
in this paper.
3.2 Localised fluctuations
We now introduce fluctuations into the α-effect by consider-
ing non-zero values of G. One of the main conclusions from
the one-dimensional calculations described in Proctor (2007)
is that large fluctuations in the α-effect lead to a reduction
in the critical dynamo number. It is clearly of interest to
establish whether or not this is also the case in these two-
dimensional calculations. Fig. 3 shows the dependence of
Dcrit upon the value of G. These were calculated by time-
stepping a linearised version of the governing equations, us-
ing interval bisection to approximate the value of D that
produces a marginally excited dynamo. This clearly shows
that larger values of G do indeed lead to smaller critical
dynamo numbers. Hence this trend is a generic feature of
models of this type. Note that it was implicitly assumed
that the steady component of the α-effect is non-zero when
the equations were non-dimensionalised. Hence, the limiting
case of D = 0 corresponds to the case of vanishing shear,
in which case any seed magnetic field will decay. However,
these calculations indicate that, for any given value of D
that is greater than zero, a value of G can be found for
which dynamo action is possible. For example, a fluctuation
parameter of G = 9.0 × 104 is sufficient for dynamo ac-
tion when D = 1.0. In this case the influence of the steady
component of the α-effect is negligible, with dynamo action
being driven by a combination of the α-effect fluctuations
and the velocity shear.
In addition to lowering the critical dynamo number, the
new effect also has a significant impact upon the period of
c© 2009 RAS, MNRAS 000, 1–8
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Figure 4. The period of oscillation of the dynamo as a function
of G, at fixed D = 2.5×106. Note that steady modes are preferred
for larger values of G.
the oscillation of the dynamo (something that was also a
feature of the one-dimensional calculations that were pre-
sented in Proctor 2007). Fixing the dynamo number to be
D = 2.5 × 106, several different calculations were carried
out for different values of the parameter G. Fig. 4 shows
the period of oscillation of the dynamo as a function of G.
These values were calculated by using Fourier techniques to
analyse the temporal variations of the low latitude branch
of the dynamo. The key result is that the period of oscil-
lation increases with increasing values of G, with a transi-
tion to a steady dynamo mode occurring somewhere between
G = 0.15 and G = 0.175. Large values of G always favour
steady modes. Note that the determination of the cycle pe-
riod near to the transition to the steady mode is somewhat
uncertain, as it is difficult to identify a dominant frequency
of oscillation in these cases. Fig. 5 shows the toroidal field
distribution, at the base of the convection zone, for three
different values of G. This illustrates the observed trend,
with a clear lengthening in the cycle period with increasing
values of G, followed by a transition to a steady mode.
Clearly, variations in the magnitude of D are also likely
to produce qualitative changes in the behaviour of the dy-
namo. Fig. 6 shows the period of oscillation as a function
of D for three different values of the fluctuation parameter
(G = 0.0, G = 0.05 and G = 0.15). In the absence of fluc-
tuations, i.e. when G = 0, there is very little variation in
the cycle period over this range of values for the dynamo
number. The same is true when G = 0.05, although the
periods of oscillation at a given dynamo number are con-
sistently longer when weak α-effect fluctuations are present.
Interestingly, even up to dynamo numbers of D = 6.0×106 ,
the solution is always oscillatory for G = 0.05, with no sug-
gestion of a transition to a steady mode (at least over this
range of values of D). The absence of such a transition sug-
gests that the α-effect fluctuations in this case are never
large enough to dominate the operation of the dynamo. In
other words, the α-effect fluctuations simply perturb the
basic operation of the α− Ω dynamo. The situation is very
different when G = 0.15. In this case the dynamo period in-
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Figure 5. Contours of constant B at r = 0.7, as a function of
latitude and time, for fixed D = 2.5× 106. Top: G = 0.1. Middle:
G = 0.15. Bottom: G = 0.2.
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Figure 6. The period of oscillation of the dynamo as a function
of D at three different values of G. Note that steady modes are
preferred at high D for G = 0.15.
creases significantly with increasing dynamo number, with a
sudden transition to a steady mode taking place somewhere
between D = 2.5 × 106 and D = 3.0 × 106. Although not
shown on this plot, the transition to a steady mode occurs
at smaller values of D for larger values of G. The general
trend is clear: steady modes tend to be favoured in dynamos
with a strongly fluctuating α-effect.
3.3 Distributed fluctuations
The main drawback of this approach to modelling the solar
dynamo is that there are a wide range of possible choices
that could be made regarding the functional forms of the
mean-field coefficients. Given the relative lack of observa-
tional or theoretical constraints, these choices are usually
based primarily upon physical intuition. So far, it has been
assumed throughout this paper that
〈
γ2
〉
has a similar spa-
tial dependence to [α0(r, θ)]
2. This is certainly a plausible
assumption, although there are other possibilities. The other
possibility that we consider here is that
〈
γ2
〉
is independent
of α0(r, θ), but is uniformly enhanced by the small-scale mo-
tions within the solar convection zone. In this case, the fluc-
tuations will be distributed across the whole convection zone
and we might expect
〈
γ2
〉
to be proportional to the turbu-
lent magnetic diffusivity:〈
γ2
〉
= Gη(r). (20)
In this subsection, we briefly consider some of the main con-
sequences of adopting this profile for
〈
γ2
〉
.
Fig. 7 shows the toroidal field at the base of the con-
vection zone, at fixed D = 2.5 × 106, for two different val-
ues of the fluctuation parameter, G. Although not shown in
Fig. 7, there is again a transition to a steady mode as G
is increased. Note, however, that in these calculations this
transition occurs at a much smaller value of G, at approxi-
mately G = 0.003. It is also worth noting that this transition
is rather abrupt, with no appreciable lengthening in the cy-
cle period of the low latitude branch of the dynamo as G is
increased. This suggests that the low latitude region of dy-
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Figure 7. Contours of constant B at r = 0.7, as a function of
latitude and time, for the distributed α-effect fluctuations. The
dynamo number is fixed at D = 2.5 × 106. Top: G = 0.0005.
Bottom: G = 0.0025. There is a transition to a steady mode at
(approximately) G = 0.003.
namo action is largely unaffected by the fluctuations. This
is unsurprising given the small values of G – the fluctuating
component of the α-effect is always going to be negligible
compared to α0(r, θ) at low latitudes. These weak fluctua-
tions only play a significant role in the dynamo at high lat-
itudes, where α0(r, θ) is relatively small. This explains why
there is a clear increase in the cycle period (and amplitude)
in the high latitude branch as G is increased. It is the dom-
inating influence of the fluctuations at high latitudes that
eventually drives the transition to a global steady mode.
4 CONCLUSIONS
This paper describes the influence of a fluctuating α-effect
upon a two-dimensional mean-field solar dynamo model. For
most of this paper, it was assumed that the spatial distribu-
tion of these fluctuations is similar to the spatial distribu-
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tion of the steady component of the α-effect. In this case, the
presence of fluctuations tends to reduce the critical dynamo
number for the onset of dynamo action. At fixed dynamo
number, the period of oscillation tends to increase as the
magnitude of the fluctuating term is increased, with a tran-
sition to a steady mode once the magnitude of the fluctua-
tions exceeds some critical level. Generally, steady modes are
favoured when the fluctuating component of the α-effect is
large. If the fluctuations are distributed throughout the con-
vection zone, there is again a transition to a steady mode as
the magnitude of the fluctuating term is increased, although
any variations in cycle period are restricted to high latitudes
(where the steady component of the α-effect is weak). Many
of these effects have also been identified in idealised one-
dimensional calculations (Proctor 2007; Proctor et al. 2009;
Richardson & Proctor 2010). However, this is the first time
that this behaviour has been studied systematically in a two-
dimensional model of the solar dynamo.
Whatever the spatial distribution of the fluctuations in
the α-effect, one clear prediction from this work is that this
fluctuating effect tends to promote steady (rather than oscil-
latory) dynamo action. At least in the current epoch, a cyclic
dynamo is still operating in the Sun. This suggests that fluc-
tuations in the α-effect are not playing a dominant role in
the operation of the solar dynamo. According to mean-field
dynamo theory, it must therefore be the steady component
of the α-effect that is responsible for producing oscillatory
dynamo action in the Sun. However, this is not to say that
fluctuations are necessarily unimportant in the context of
the solar dynamo. As we have shown, mean-field models that
include generalisations of the α-effect may produce oscilla-
tory dynamos with characteristic cycle periods that differ
greatly from those predicted by a rough scaling with typical
diffusive or advective timescales. Therefore fluctuations in
the α-effect may be playing a key role in determining the
period of the solar cycle. This is an intriguing possibility
that may also have important consequences for the study
of cyclic magnetic field generation in other (slowly-rotating)
late-type stars.
In the solar convection zone, there is the added compli-
cation that the small-scale motions can themselves generate
a small-scale magnetic field, even without an imposed mean
field. Even in this case, the idea of a mean-field theory for
a large scale field can still make sense (see, for example,
Courvoisier et al. 2010), although the resulting theory is
considerably more complex than the traditional mean-field
approach. We can speculate that a greater degree of fluctu-
ation would be found in the mean-field quantities if they are
influenced by small-scale dynamo action in the solar convec-
tion zone. However, further study is needed to clarify this
issue.
Of course, mean-field models of this type are a highly
idealised representation of the dynamo processes that occur
within the Sun. Many of the input parameters are poorly
constrained by theory and observations. Furthermore, al-
though some aspects of the dynamo process (such the ef-
fects of differential rotation) are now well understood, many
unanswered question remain. The physical nature of the α-
effect is certainly one of the most significant unresolved is-
sues. Furthermore, the relative importance to the dynamo
of other physical effects, such as meridional flows, is still
under debate. However, despite their limitations, mean-field
models are the best we have and this theory has had consid-
erable success in reproducing qualitative features of astro-
physical dynamos. It may be possible in the future to carry
out full three-dimensional simulations of the solar dynamo.
However, until we have a global theory of that type, study-
ing individual aspects of the dynamo (such as the nature
of the α-effect) seems to be a productive way of enhancing
our theoretical understanding of large-scale magnetic field
generation in the Sun.
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